The anomaly polynomial of a theory can involve not only curvature two-forms of the flavor symmetry background but also two-forms on the space of coupling constants. As an example, we point out that there is a mixed anomaly between the R-symmetry and the topology of the space of exactly marginal couplings of class S theories. Using supersymmetry, we translate this anomaly to the Kähler class of the Zamolodchikov metric. We compare the result against a holographic computation in the large N limit.
Introduction and summary
The anomaly polynomial A D+2 of a D-dimensional quantum field theory encodes the anomalous variation of the phase of the partition function in the presence of the background fields in terms of the well-known descent procedure. We often think of A D+2 as a functional of the background gauge fields and of the background metric, but it is known from the early days of the study of anomalies that it can also depend on the topology of the space of couplings [1] [2] [3] . 1 One example can be constructed as follows. Take an arbitrary target space M and a U(N) gauge field A on it. Consider a D-dimensional free theory of a dynamical chiral fermion ψ in the fundamental of U(N) coupled to a background scalar φ which is a map to M in the following manner: the fermion ψ is minimally coupled to the pull-back under φ of the U(N) field A. Of course the theory has the anomaly polynomial A D+2 =Â(T X) tr e iφ * (F )/2π (1.1) where X is the worldvolume of the theory and F is the curvature two-form on M. When the scalar φ is considered dynamical, this is known under the name of the σ-model anomaly, and makes the theory ill-defined when not canceled. When φ is considered as a background field, this anomaly polynomial involves differential forms on the space M of couplings, and serves as one of the characteristic properties of the theory, just as the ordinary 't Hooft anomalies do.
To readers who found the example above rather artificial, let us provide a more meaningful case. In [5] Gaiotto introduced a large class of 4d N =2 theories obtained by compactifying a 6d N =(2, 0) theory on a Riemann surface C, possibly decorated with punctures. Here let us consider a simple case where C is of genus g without any puncture. This construction gives rise to a family of 4d N =2 superconformal field theories (SCFTs), now known as class S theories, whose space of exactly marginal couplings is the moduli space M g of the genus-g Riemann surfaces. We show below that this theory has a hitherto-unappreciated term in the anomaly polynomial of the form
Here, [ω] is a degree-2 cohomology class on M g and P is a certain degree-four cohomology class constructed from the background R-symmetry gauge field and the spacetime metric. The anomaly (1.2) can be determined from the known anomaly polynomial of the 6d N =(2, 0) theory [6] [7] [8] [9] . Now, a mixed anomaly between the Weyl transformation and the Kähler transformation of the space of exactly marginal couplings of general 4d N =2 SCFTs was described in [10] [11] [12] . 2 When one reads their derivation carefully, one finds that their analysis already implies an anomaly of the form (1.2) above, with an added bonus that [ω] is proportional to the cohomology class [ω Z ] of the Kähler form ω Z of the Zamolodchikov metric. Turning the logic around, this means that we can easily fix [ω Z ] in terms of the anomaly polynomial of the 6d N =(2, 0) theory. Finally, we note that the Zamolodchikov metric and therefore ω Z is computable in the large N limit by means of the AdS/CFT correspondence [14] using the holographic dual of the class S theories [15, 16] . This is known to be proportional to the standard Weil-Petersson metric on M g , 3 but the precise proportionality coefficient has not been computed to the author's knowledge. We will show below that the class of the Kähler form computed holographically is compatible with the computation from the anomaly as above, using a classic mathematical result by Wolpert [17, 18] .
The rest of the note is devoted to implement the computations outlined above: in Section 2 we compute A 6 of the class S theory from the anomaly of the 6d N =(2, 0) theory and then use it to compute the Kähler class [ω Z ] of the Zamolodchikov metric. Then in Section 3 we compute the Zamolodchikov metric using holography, determine the proportionality coefficient with respect to the standard Weil-Petersson metric, and compare it against the result in Section 2.
In the appendix, we explain how one can obtain the bosonic components in the supergravity completion of the curvature square terms by imposing the compatibility with the topological twist. This gives another way to confirm the required coefficients used in this paper, independent from the standard supergravity computations.
Field theoretical computations

The 4d anomaly from the 6d anomaly
We start from the anomaly polynomial [6] [7] [8] [9] of the 6d N =(2, 0) theory of type G = A n−1 , D n , E 6,7,8 :
Here Y is the worldvolume of the theory, T Y is its tangent bundle, NY is the SO(5) R-symmetry bundle, and p 1 , p 2 are the Pontryagin classes; h ∨ G , d G and r G are the dual Coxeter number, the dimension and the rank of the Lie algebra of type G. We use the convention that the anomaly polynomial A D+2 gives the
The N =2 class S theory of our interest is obtained by compactifying the 6d theory on a Riemann surface C of genus g without any punctures so that we introduce a nonzero curvature to the subgroup SO(2) ⊂ SO(5) of the R-symmery which cancels the curvature of C. This means that the Chern roots of NY is ±2α and ±t where ±α are the Chern roots of the SU(2) R background field and t is the first Chern class of the tangent bundle of C.
Using
j when the Chern roots are ±λ i , we easily get
Here, p 1 is the Pontryagin class of the spacetime metric and c 2 is the second Chern class of the SU(2) R symmetry.
We note that C t 2 is understood as follows: t is considered as the first Chern class of the relative tangent bundle of C over M g (i.e. the tangent bundle of the universal bundle U where C ֒→ U ։ M g minus the pull back of the tangent bundle of M g ). Then t 2 is a 4-form on U, and we obtain a 2-form on M g by integrating over the fiber C.
Finding the Kähler potential
Suppose now that a given 4d N =2 SCFT has a space of exactly marginal couplings parameterized by M with local complex coordinates τ I . We normalize the corresponding exactly marginal operators so that they enter in the deformation of the Lagrangian as
following the convention of [10] [11] [12] . We then define the Zamolodchikov metric g Z IJ by the formula
This is known to be Kähler: [12] the authors identified that the Kähler transformation K → K + F +F needs to be accompanied by a shift of the counter terms
where Ξ − W αβ W αβ is the supersymmetric completion of the Euler density constructed in [19] .
Using the component expansion given in (5.5) of [19] , we see that this shift contains the terms of the form
where C abcd , R ab and R are the Weyl tensor, Ricci tensor and Ricci scalar, respectively, and R(V ) ab i j is the background gauge field strength of the SU(2) R symmetry in their convention, see (B.2) and (B.3) of [19] . We find that K → K + F +F is accompanied by
where e is the Euler density. 4 The Kähler form of the Zamolodchikov metric is
This means that the shift of the counter term (2.7) is exactly the gauge variation one obtains from the anomaly polynomial
This is however not the whole story. In the N =2 supergravity, there is another chiral term one can write:
which can produce another term in the anomaly polynomial of the form
where ω X is a certain closed 2-form on the space of couplings. 4 In the appendix, we give an independent derivation of the combinations of the bosonic terms in
Let us specialize to the case of the class S theory on a genus-g Riemann surface. Matching (2.2) against the sum of (2.10) and (2.12), one finds
Choosing the type to be A N −1 and taking the large N limit, we find
as cohomology classes.
Holographic computations
Weil-Petersson metric: First let us recall the Weil-Petersson metric on the moduli space M g of the genus-g Riemann surface. Given Beltrami differentials µ I on a Riemann surface C, we define the Hermitean structure on them by
where dA is the area form of curvature −1, so that C dA = 4π(g − 1). Then the Kähler form of the Weil-Petersson metric is given by
It is a classic mathematical result by Wolpert [17, 18] that the relation
holds as differential forms, not just as cohomology classes.
Maldacena-Nuñez solution:
The holographic dual of the class S theory of type A N −1 on a genus-g Riemann surface is given in [15, 16] . The 11d metric is of the form
where ds 
and W := 1 + cos 2 θ. Our convention is that the 11d Euclidean action is
The point is that the deformation of C = H/Γ is parameterized by M g , the moduli space of genus-g Riemann surfaces. The space M g appears as the target space of the massless scalars in five dimensional supergravity, which in turn can be identified with the space of exactly marginal couplings of the dual SCFT.
Reduction to five dimensions: Let us proceed with our computation. We normalize the 7d metric as ds Integrating over the four-sphere part, we get the 7d action
where 1
We now reduce it further to five dimensions, including the deformation of the Riemann surface. In general, under a small deformation g → g + h, we have
where we neglected terms which do not contribute to the following computation. Now note that the Beltrami differential µ := τ I µ z z I deforms the internal metric as
which means that
up to an overall conformal factor. This means that upon reduction to 5d one finds
Translation to the dual SCFT: At this point, we can use the formula [20] for the central charge a ∼ c to compute
where 1/G
N and R AdS 5 = √ 2 in the above normalization of the metric (3.6). This reproduces the standard result.
We are more interested in the Zamolodchikov metric on M g , for which we use the formula for the two-point function under AdS/CFT given in [21] . The formula says that given the action
for a real scalar φ in five dimensions, the corresponding operator has the two-point function 15) with the caveat that the deformation is introduced via the coupling
without an additional factor of π 2 in the denominator as in (2.3).
Carefully collecting all the factors, one finds
in the large N limit. This is consistent with the result (2.14) we obtained from the consideration of the anomaly in the last section.
A Supersymmetric completion of R 2 terms via holomorphy
In [22] , Witten studied the structure of local actions in topologically twisted N = 2 supersymmetric theory. In particular, the terms of the form
were studied, where F (u) represents dimensionless functions of the bottom components of vector multiplets u, and [gravity] represents dimension-four operators constructed from background gravity, such as the Euler density and signature density.
Here we use the result of [22] to determine the allowed forms of the supersymmetric terms for more general background fields in the physical theory. We consider the background metric, the background field A for SU(2) R symmetry, and the background auxiliary field D which is coupled to the bottom component of the energy-momentum multiplet. 5 The topological twist means that the gauge field A is taken to coincide with the spin connection for the right-handed spinor of the Lorentz group Spin(4) = SU(2) ℓ × SU(2) r . Also, the auxiliary field D is taken to be proportional to the Ricci scalar R as D = αR for some numerical constant α which is independent of the theory. 6 This computation reproduces the combinations found in [19] , so the final results in this appendix are not new. But it is fun to see how the holomorphy of the topologically twisted theory arises from the physical theory, and how it reproduces the supergravity computations.
Derivation of the allowed action: It was argued in [22] that after the topological twist, the action of the above form for constant u is holomorphic with respect to u. Also, the original physical theory must satisfy reflection positivity in Euclidean space which means that parity-odd terms are imaginary and parity-even terms are real in the Euclidean action. From these conditions, we impose the ansatz for the Euclidean action as
Here, the f, g, h, j, k, l, m are holomorphic functions of u, F = dA + A 2 is the field strength of the SU(2) R gauge field A, and R µνρσ is the Riemann curvature, and D is the auxiliary field mentioned above. We remark that R(V ) in the main text is related to F as R(V ) = 2F. In the action, we 5 The R-symmetries contain a subgroup U(1) ⊂ U(1) R × SU(2) R which is non-R in terms of the N = 1 subalgebra. This gives an N = 1 current multiplet, and hence there exists an N = 1 background vector multiplet coupled to it. The D is the D-component of this vector multiplet. 6 One way to see this is as follows. In conformal supergravity formulation, the Ricci scalar R gives a coupling to scalar fields φ which is proportional to R|φ| 2 (or more generally |φ| 2 is replaced by the Kahler potential). However, we want to have massless Coulomb branch fields on any background. Therefore, we have to introduce D to cancel the mass term induced by R.
neglect a term proportional to ∇ 2 R because it is a total derivative when u is constant and hence cannot be determined by the method of this appendix.
be the Riemann curvature R and the field strength F of SU(2) R multiplied by 1/2π and i/2π respectively. We also defineR
Topological terms are
which are used in the main text. Non-topological terms are
where ⋆ is the Hodge star, andR = R/2π andD = D/2π. LetF ℓ andF r be the curvature multiplied by i 2π
for the spin connections of SU(2) ℓ and SU(2) r Lorentz group, respectively. Then we have
Now let us start the analysis of allowed terms. First, notice that [R
are not topological invariant. However, after the topological twist F → F r and D → αR, the effective action must be described by topological invariants. The only combinations of them to give topological invariants are
The first is a topological invariant after the topological twist since
The second just vanishes after the topological twist. So the effective action must be of the form
After the topological twist F → F r , we have .18) and hence the effective action becomes
This must be holomorphic [22] , and hence we get
Therefore, the possible form of the effective action is given as
It may be more familiar in the context of conformal field theory to rewrite [R whereĈ ijµν = C ijµν /2π is the Weyl tensor divided by 2π,
. Substituting this to the action and redefining the coefficient functions as
we get
+anti-holomorphic terms.
(A.25)
The F and G can be taken to be arbitrary, or otherwise the analysis of [22] would fail. At the level of the analysis presented here, it is not clear whether H can be taken arbitrary or not.
Check: the conformal anomaly Let us perform a check of the above result. In the current normalization, the conformal anomaly is given as
where c and a are the conformal central charges normalized in such a way that n h hypermultiplets and n v vector multiplets contribute as c = The imaginary factor i appears because ǫ µνρσ is the totally anti-symmetric tensor in Euclidean space and hence it gets a factor i when rotated back to Minkowski space. This equation agrees with the standard anomaly equation of U(1) R ; see e.g. Sec. 2 of [23] . Putting (c − a) = (n h − n v )/24 and 2c − 4a = −n v /2 gives i∂ µ J µ R = n h (2p 1 /24) − n v (2p 1 /24 + c 2 ) which is exactly as expected from the Atiyah-Singer index theorem.
